
APPLICATION OF A DIFFERENTIAL-DIFFERENCE METHOD 

TO THE SOLUTION OF ONE-DIMENSIONAL NONSTATIONARY 

HEAT CONDUCTION PROBLEMS WITH A MOVING BOUNDARY 

L .  Y a .  Z h e m o i d i n a  UDC 536.2.01 

A different ial-difference method is applied to obtain an approximate solution of one-d imen-  
sionai nonstat ionary heat conduction problems with a moving boundary in rectangular  and 
cyl indrical  sys tems  of coordinates .  Recurs ion  formulas  are  obtained for  the determination 
of success ive  values of the unknown functions. 

Heat conduction problems with moving boundaries a r i se  in p roces se s  in which the heat t r ans fe r  is 
accompanied by a phase t ransformat ion  in the conducting medium [1]. 

By way of example we cite the problems of melt ing and solidification of solids,  the essent ial  feature 
of which is the p resence  of a boundary separa t ing phases of differing thermophysical  p roper t ies ,  the bound- 
ary  being displaced in t ime. 

In a number  of cases ,  for example,  in the case of a rc ing  spots in point- intensi ty a rcs ,  cr i t ical  s e c -  
tions of which are  jets ,  e tc . ,  the thermal  flows involved are  so large  that the mater ia l  at the surface mel ts ,  
is vaporized,  and is ca r r i ed  away by the external  flow. This problem is one of single phase.  We consider  
severa l  problems of this type. 

Init ially we consider  the problem for the halfspace (0 - x < ~,) under the assumption that its t e m -  
pera tu re  s tays  the same at all points of each plane x = const,  i .e. ,  that it sat isf ies  the one-dimensional  heat 
conduction equation. Let us assume that a constant thermal  flux q is present  at the surface  of the halfspaee,  
and that initially the t empera tu re  throughout the halfspace is constant and taken to be equal to zero.  The 
solution of the problem with a variable thermal  flux, which depends on the t ime, may be obtained f rom the 
cor responding  solutions for a constant thermal  flux with the aid of Duhamel ' s  theorem or  by an application 
of the theorem involving the product  of t r ans fo rms  [2]. 

The problem we have indicated here  can, up to the onset of motion of the boundary,  be formulated 
mathemat ica l ly  as follows: find the tempera ture  distribution in the halfspace f rom the equation 

c9 Ou(x, t) - k 82u(x' t) (1) 
Ot Ox 2 

in the domain II : {0 < x < ~, 0 < t < tM}, with the additional conditions 

u(x,t) lt=o=O, u(x,t) lx;~=O, --k Ou(x,t).l 
Ox Ix=o = q" (2) 

The problem (1)-(2) is the usual problem of heat conduction with a fixed boundary,  solvable with the 
aid of the Laplace t r ans form.  As is well known [2], this solution has the form 

2 2 dzl ,  (3) 
X 

2g~/ 

where ~ = k / c p .  
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We find the t ime ,  defining the s t a r t  of the phase  t rans i t ion ,  and, consequently,  the onset  of motion 
of the boundary.  Denoting the mel t ing  t e m p e r a t u r e  by UM, and the t ime  needed to at tain this t e m p e r a t u r e  
by  tM, we find f r o m  Eq. (3) for  x = 0, 

tM ~k2UM 
4• ~ 

The t e m p e r a t u r e  dis t r ibut ion at this  t ime  is as follows: 

( _ q ' x  ~ 2qx ; e x p ( _ z ~ ) d z .  (4) u (x, t)}t=t M = uMex p uh~2n --  k V ~  
qx 

UMk r 

We commence  our  calcula t ions  at the instant  of melt ing.  The p rob lem may  be fo rmula ted  then as fo l -  
lows: de t e rmine  the t e m p e r a t u r e  of the ha l f space ,  u(x, t), and the posi t ion of i ts  mel t ing  f ront ,  x = ~ (t), 
f r o m  the equation 

Ou O~u 
cp - k (5) 

at ax ~ 

in the domain D : {~ (t) < x < ~, 0 < t < T}, with the following initial and boundary conditions: 

u (x, 01~=o = ~ (x)= uM.exp u~k2 ~ kV'~ exp (-- z 2) dz, (6) 
qx 

UMk rE 
O ~ x <  oo, 9(0) = uM, 

u (x, t) l~w)  = UM, u (X, t) Ix=~ = 0. (7) 

On the phase  t rans i t ion  su r face  the following condition holds: 

~,p d~dt(t) q + k  OUox(X, t) x=~(t)' O < t < T .  (8) 

We a s sum e  that the unknown function u(x, t) is  defined and continuous in the domain D* : {~ (t) _< x < ~, 
0 <- t _< T},  that the de r iva t ives  02u /0x  2 and 0 u / a t  a re  continuous and bounded in the in te r io r  of this do-  
main ,  and that ~ (t) is  a continuous monotonical ly  inc reas ing  pos i t ive  twice-d i f fe rent iab le  function for  all 
0 - < t - < T ,  where  ~ ( 0 ) = 0 .  

To solve this p rob lem we apply a d i f fe ren t ia l -d i f fe rence  method,  i .e . ,  a method involving t ime s teps ,  
an index denoting the number  of the s tep.  

In Eq. (5) we put t = t m + 1 and we rep lace  the der iva t ive  with r e spec t  to t by the f in i te -d i f ference  ra t io  

t=tm+l U (X, tin+l) - -  tt (X, tin) Ou (X, t) ~ , (9) 
0t h 

where  h = t m + i - t  m denotes the t ime s tep.  

Substituting the exp re s s ion  (9) into Eq. (5) and rep lac ing  the approximate  equation by  an exact  one, 
we obtain a s y s t e m o f  o rd ina ry  different ia l  equations 

cl~u,~+i (x) _ a~u,~+ 1 (x) = --  a~u,, (x) (m = 0, 1, 2 . . . .  ). (10} 
dx ~ 

Here  a 2 = e p / k h  and the u m + l(x) mus t  approx imate  u(x, t m + 1). The initial and boundary  conditions may  be 
r e p r e s e n t e d  in the fo rm 

u (x, t) It=0 = u0 (x)  r (x), 0 < x < r162 r (0) = u M, (11) 

Um+i(x)]~=~(tm+p=UM , u,~+l(x)]~=| = 0  ( m = 0 ,  I, 2 . . . .  ). 

S imi la r ly ,  if we rep lace  the t i m e - d e r i v a t i v e  d~ ( t ) /d t  by  the d i f f e rence - ra t io  in Eq.  (8), we obtain the fol low- 
ing equations for  de te rmin ing  the quanti t ies  ~m + 1, which approximate  the values  ~ (tm + ~): 

~m+~=~m-4-e---C---[ durn+i'(x) I + ~ ]  ( m = 0 ,  1, 2 . . . .  ). (12, 
a~ dx x=~m+l 
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The solut ion of Eq.  (10), obta ined  by  the method  of va r i a t i on  of p a r a m e t e r s  with the condi t ions  (11) taken 
into account ,  and the fact  that  Um+ l[ ~ (tm + 1)] ~ Um +1(~ m + 1), may  be r e p r e s e n t e d  in the f o r m  

Urn+ t (X) = [a M +~- a i um (xi) sh a (x i - -  ~ m + t )  dxi] exp [ - -  a (x - -  ~m+i)] 
gt/'b + 1 

a~iu~(x 0 s h a ( x  i - x )  dx I (m=O,  1, 2 . . . .  ). 
x 

E x p r e s s i o n  (13) is a r e e u r s i o n  r e l a t ion  fo r  d e t e r m i n i n g  the s u c c e s s i v e  va lues  of Um +l(x);  

M o r e o v e r  c o n v e r g e n c e  of  the i n t e g r a l s  is  e n s u r e d  by  the b e h a v i o r  of the in t eg rand  function and Eq.  
(12) m a y  be  t r a n s f o r m e d  as fol lows:  

~Jm+~= ~ +  ~ -  u m ( x O e x p [ ' a ( x t - -  ~+l)]dx I + q UM: . 
a2k a 

~tn+l 

We d e t e r m i n e  ove r  each  t ime  s tep  h the amount  of d i sp l aeemen t  of the mov ing  bounda ry .  

We put 

(13) 

(14) 

Then  

(15) 

E x p r e s s i o n  (15) s e r v e s  as  a r e c u r s i o n  f o r m u l a  fo r  f inding s u c c e s s i v e  va lues  of ~m +1. 

Le t  

(~m+0 = i u,~ (x 0 exp [--  a (x t - -  ~m+l)] dx~ F 

~t? /+ l  

then f r o m  Eq.  (14) we obta in  

6re+l: -~- F(~v++Sm+O% q ( m = 0 ,  I, 2 . . . .  ). (16) a~k a 

To  find 6m + t we expand the funct ion F(~ m + 5m + i) by  T a y l o r ' s  f o r m u l a  

F (~.+ + 5~++,) = F (~+) + 6~+~F' (%.+) + 0 (~+I)-2 

Tak ing  note of t e r m s  of o r d e r  62m +1 and the equal i ty  F ' ( ~ m )  = aF(~ m) - u  M, we obtain f r o m  Eq.  (16) 

F (%m) + q UM 
a~k a 

6m+ t m  ( m : 0 ,  1, 2 . . . .  ). (17)  

- -  - -  a F  (~+m) + UM 
C 

The va lues  of 6 m + 1, found f r o m  f o r m u l a  (17), p e r m i t  us to s u c c e s s i v e l y  d e t e r m i n e  ~ m + 1 for  m = 0, 1, 2, 
�9 . . , s ince  ~0 = 0 is known. 

A p r o b l e m ,  s i m i l a r  to the p r e c e d i n g ,  fo r  the c a s e  of  a l a y e r  of finite th i ckness  (0 _< x _< l), where  in 
the me l t ing  p r o c e s s  the t e m p e r a t u r e  on its l o w e r  su r f ace  (x = 0) is a funct ion of the t ime ,  f(t), and where  
u M = 0, y ie lds  the fol lowing solu t ions :  

sha(~m+l--x ) shax (' x 

um+'(x) : fm+'  s h a ~ + ,  + a  sh~-m~+, J Um(XOsha(~m+t - -x i )dx t - -aSu"~(x i ) sha(x - -x j )dx '  
�9 0 

0 

( m = 0 ,  1 , 2  . . . .  ), 

q> (~m) + q.++i 
a2k 

- -  - -  a cth agmr (gin) 
C 

where  
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Fig .  I .  C u r v e  showing the de- 
pendence of the t h i c k n e s s  of the 
m e l t e d  po r t i on  of  the wal l  (in 
m e t e r s )  on the t ime  (in s e e s ) .  

TABLE 1 

m '0 1 2 

~ m §  0,223 
0,223 

0,279 
0,502 

0,321 
0,823 

, + 
fib (~.,) - -  sh a~.~ a 

0 

and ~ m + l  = ~ m - 6 m + l  f o r  m = O, 1, 2 . . . . .  w h e r e  ~0 = l. 

I f  we a l so  c o n s i d e r  the p r o b l e m s  f o r  the c a s e s  of cont inuous  and hol low c y l i n d e r s ,  a l so  fo r  z e r o  m e l t -  
ing t e m p e r a t u r e ,  we ob ta in  the so lu t ions :  

w h e r e  

a) fo r  the cont inuous  c y l i n d e r  

j :  . ,--,,~+. aSI~ ni~+' 
Urn+ l (r) = a s r i u  m ( r i )k  (r ,  r , )  dr I 1 ~  

0 0 

( re=O,  I, 2 . . . .  ), 

q (n~) + q~+~ ask 
8m§ ~ L 

- - +  Q' (n~) 
g 

b) f o r  the hol low c y l i n d e r  

Q (n~)  

w h e r e  

u, ,+ i  (r) = fm+i 

riu,~ (ri) k01,~+l, r,) dr i 

1 t" riu'~ (r,) I o (ar,)dri; . 
~]mIo (mira) , 

0 

~T 
fe (r, nm+O . _t_a ~ k (r, to) riu,n (ri)/~("l,n+,, q)dri 

(ro, n~+i) , ~ (ro, n~+0 ,o 

r 

-t- a 2 j' rium(q) k (r, ri) dr i (m = O, 1, 2 . . . .  ). 
ro 

s (n,,) + q---q-- 
a~k 

L - -  + S' (n~) 
C 

S (n=) = -- 
ra 

In  bo th  c a s e s  ~ m  +l  = ~ ? m -  5m + l, ~70 = R, and I0(ar) ,  K0(ar ) a r e  B e s s e l  funct ions  of z e r o  o r d e r  of the f i r s t  
and s econd  kind of an i m a g i n a r y  a r g u m e n t  [4], 
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(r, rt) = I o (art) K O (at') - -  I o (at) Ko (ari). 

By way  of example  we give be low the r e s u l t s  of  the ca lcu la t ions  fo r  the f i r s t  few ins tan t s  in the in -  
s t an taneous  me l t ing  of a s tee l  wal l .  The t h e r m o p h y s i c a l  p a r a m e t e r s  of s tee l  a re  as  fol lows:  e = 5 �9 102 J 
/ k g . d e g ,  p = 7 .8 .103  k g / m  3, ~ = 1.38.  l0  S J / k g ;  u M = 1803~ k = 46 f l T / m . d e g ,  The ca lcu la t ions  w e r e  
m a d e  with a cons tan t  hea t  flux q = 2.09" 107 f l T / m  2. In addi t ion,  h = 1 s e c ,  a = 2~ 102 l / r e .  The m e l t -  

ing cu rve  of ~ m + 1 is shown in the f igure .  

An e s t i m a t e  of  the e r r o r  was  obta ined  us ing  R o t h e ' s  me thod  [5-7] .  The e r r o r s  made  w e r e  shown to be 
of  o r d e r  O(h). 

NOTATION 

u(x, t), 
u ( r ,  t) a r e  the t e m p e r a t u r e ;  

(t) i s  the funct ion d e t e r m i n i n g  the pos i t ion  of mov ing  boundary ;  
~? (t) i s  the va r i ab l e  r ad ius  of cy l inde r ;  
c is the spec i f i c  heat ;  
p is the densi ty ;  
k is  the t h e r m a l  conduct iv i ty ;  

is the t h e r m a l  dif fusivi ty;  
is  the la ten t  heat  of fusion;  

T is the t ime  of  p r o c e s s  dura t ion  unde r  c o n s i d e r a t i o n .  

1. 

2o 

3. 
4. 

5. 

6. 
7. 
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